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ÅSolid particules suspended in a fluid 

 
Å Examples :  

ï Oil industry : 
drill muds 

 

ï Civil engineering : 
fresh cement, concrete, 
sand/saturated soilsΧ  

 

ï Géophysical flows 

 

ï Cosmetic & pharmaceutical  

     industry : 
cream, tooth pasteΧ 

Introduction 



After J. Brady 2010 



Hydrodynamic interactions 

Newtonian suspending fluid  

h0  : dynamical viscosity 
 
n0  = h0 /rf : kinematic viscosity 
 
rf  : fluid density  
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Simple model 
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A naïve physicist insight 

 size  d  



 Stokes number :  e

f

p

f

p

t R
Vd

S
r

r

nr

r
===

0

loss Viscous

energy Kinetic  

Reynolds number :  
0

force  Viscous

force Inertial  
Re

n

Vd
==

d 

V
C

d  :  particle size 
rp  : particle density  



 Viscous  drag  :   VdFD   3 0hp=

(low Re) 

 Inertial  drag  :   2
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Stokes force 

Hydrodynamic interactions 
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Large scale interactions decay in 1/r 

Distance  

N-body Linear problem 



Lubrication forces 

Separation :  s << d  
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 Diverges when 0s
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 Weak divergence 0s



 Divergence cut-off  when scale roughness  x@s

Towards a solid granular contact 
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Regularization of lubrication interaction  forces 
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Contact forces 



 Hertz contact law 
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Elastic interaction 

H.R.Hertz, J. für Reine und Angewandte Mathematik,  92 156 (1881) 

Å Non linear spring 
 
Å Separation of scales 
 
 

 
Å Local stress amplification  
 

da<<<<d



Solid on solid Coulomb friction 
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C.A de Coulomb (1781) 

No sliding  : S
N

T
m< Static coef of friction 

Sliding  : m=
N

T Dynamical  coef of friction 



Mindlin, J.App.Mech., 71 259 (1949) 

Hertz-Mindlin contact model 
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Normal contact force 

Incremental  tangential contact force 

Coulomb yield criterion   
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Many other possible interactions  neglected here !  

ÅCoulomb electric forces  
 
ÅVan der Waalls attractive forces (cohesion) 
 
ÅPhysico-chemical forces  
 
ÅEntropic forces  
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Permeability : 

Jammed packing 
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Carman Kozeny model : 
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Spherical  packing 

e =1-f  porosity 
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Jammed solid 

Volume fraction 

Lubrication /  
Solid contact 

Hydrodynamic  
interaction forces 



Stokes-9ƛƴǎǘŜƛƴΩǎ law 

Thermal energy scale 
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Brownian diffusion coefficient 

Brownian motion  



time Flow

time Brownian
=Pe

Peclet number 

1<<Pe

1>>Pe

Colloidal suspension 

Granular suspension 

Hydrodynamic dominated 
 

Colloidal/granular suspensions 

Brownian dominated 
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G.K Batchelor 1976 
After E.Guazzeli (Cours USTI) 

d : Particle size mm 

Re 

Pe 

Us 

Dbr 

« Generally »  
 
d<1mm Brownian 
d>1mm Non-brownian 



J. Brady 2010 



Diluted suspension viscosity 

 Diluted suspension  
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A.Einstein, Annalen der Physik 17 (8): 549ï560 (1905) 

%1<f

Brownian /non brownian  



Batchelor & Geeen (1972) ...)
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Non Brownian  particles  :   

Brownian  particles  :  

2.5@b

6.7@b



Excluded volume  

Note : elongated particles 
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Excluded volume fraction  

)1(0 fhh B+=1<<n Dilute regime 

)1(O=n 1/2 Dilute regime 
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Empirical formulas 

Zarraga et al. J. Rheol. 44, 185  (2000)  

Shear viscosity divergence :   *ff

Krieger Dougherty J. Rheol. 3, 137 (1959) 
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NMR + Couette shearing cell 

G.Ovarlez et al. J. Rheol. 50, 259 (2006) 

Local rheology measurement 

Global 

Local 

PS spheres 
Isodense 
d=0.3mm 

602.00 =f
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Dynamical friction coef  ? 

Granular matter rheology 
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Microscopic reorganization time scale : Tp  

Hydro time 
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Constitutive relations 

Da Cruz at al. PRE 72, 021309 2005 
GDR MiDi, Eur. Phys. J. E 14, 341 (2004) 



Control in m versus control in f  
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Bagnold rheology  (1954) 
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Inclined plane 
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g

m control rheometry of a suspension  

C. Bonnoit et al., J. Rheol. 54, 65 (2010) 
C. Bonnoit et al., PRL 105, 108302 (2010) 
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Model Isodense Suspension 

ÇNewtonian Fluid  

Shin Etsu ® 
=́139mPa.s ́=1070 kg.m-3 T=25ÁC 

 

Ç polystyrène Beads: 
Dynoseeds ®   
 ́ =1050 kg.m-3  
d=20, 40, 80, 140, 250 ˃m 

Density matching  0@Dr
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Expérimental set-up 

L=1m, l=38 cm 
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Ç Grains diameter d 
 
Ç Volume fraction ʊ 

 
Ç Angle ̒  
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ɲt=3s 

ʊ=49% 

ɲʊ=1% 

30%<ʊ<61% 

12*16 cm2 

L1=10cm 
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Three flow regimes 
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1 ς Viscous regime 
 
2 ς « Pseudo-granular » regime 
 
3 ς Stoppage regime 
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Viscous plateau 
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Viscous flow  

Flow profile shape 



Reliable rheometer  
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Measure a viscosity up to  f = 0.61 
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« Pseudoς granular » régime 

Power law regime : Vs  ~  h̡   with b < 2 
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h/l(f,q) 
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Flow rule 
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Non-local  rheology 
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Fluid structuration ? 
Emergence of clusters ? 
Boundary conditions drive  
differently grains-clusters /fluid? 
 
 

Open questions 

Why N-L rheology approaching Jamming ? 



Boyer et al.  PRL 107, 188301 (2011) 

Viscous number 

Unification suspension and granular rheology 

Granular pressure control : Pg 

Hydro time 

Viscous time 


